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Exat non-perturbative results have been onjetured for R4 ouplings in type II
maximally supersymmetri string theory. Strong evidene has already been obtained,
but ontributions of usp forms, invisible in perturbation theory, have remained an open
possibility. In this note, we use the D = 8 N = 2 supereld formalism of Berkovits
to prove that supersymmetry requires the exat R4 threshold to be an eigenmode of
the Laplaian on the salar manifold with a denite eigenvalue. Supersymmetry and
U-duality invariane then identify the exat result with the order-3/2 Eisenstein series,
and rule out usp form ontributions.
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Following the original onjeture by Green and Gutperle[1℄, R4 ouplings in maxi-
mally supersymmetri type II strings have reeived muh attention over the last year.
The onjeture has been extended in lower dimensions [2, 3, 4℄ and for other eight-
derivative terms in the eetive ation [5, 6℄ as well as for an innite lass of higher-
derivative topologial ouplings [7, 8, 9℄. With the possible exeption of Refs. [7, 8℄,
all these terms share the property of 1/2-BPS saturation, or in the language of su-
perspae derive from hiral lagrangian densities. Expanded at weak oupling, the R4
threshold exhibits in addition to the tree-level and one-loop terms an innite sum of
non-perturbative eets that an be interpreted as oming from eulidean D-branes
wrapped on supersymmetri yles of the ompatiation manifold [3, 4, 10℄. This
gives muh insight into the rules of semilassial alulus in string theory, and by itself
is a strong support in favor of the onjeture. Stronger support still has ome from
Ref. [11℄, in whih the D=10 type IIB R4 threshold was derived from heteroti-type II
duality in N = 4 D = 4 although in a not too diret way; and from Ref. [12℄, in whih
N=2 D=8 superspae tehnis were developped and used to show that the R4 ouplings
were not orreted perturbatively, in agreement with the onjetures of Refs. [1, 3℄.
Despite these arguments, the possibility has remained that the Sl(2,Z) (or Sl(3,Z))
Eisenstein series Es with s = 3/2 may not be the full answer for the exat type IIB
ten-dimensional (or eight dimensional) R4 oupling f10 (or f8), due to the existene of a
disrete series of usp forms Esn invariant under the U-duality group, but ontributing
only at the non-perturbative O(e−1/g) level; no expliit example of usp form (at least
for Sl(2,Z) or Sl(3,Z)) is known in the mathematial literature, and it would be very
interesting to nd suh examples from string theory. Eisenstein series and usp forms
are the only eigenmodes of the Laplae operator on the fundamental domain
∆Es = s(s− 1)Es , ∆ = 4τ 22 ∂τ∂τ¯ (1)
in the Sl(2,Z) ase [13℄, or
∆Es =
2s(2s− 3)
3
Es , (2)
∆ = 4τ 22 ∂τ∂τ¯ +
1
ντ2
|∂BN − τ∂BR |2 + 3∂ν(ν2∂ν) (3)
in the Sl(3,Z) ase [3℄. In the above equations, τ = a + i e−φ is the ten-dimensional
omplex oupling onstant, ν = 1/(τ2V
2) enodes the volume V of the 2-torus in
a Sl(2,Z)τ invariant way, and (BR, BN) is the doublet of expetation values of the
2
Ramond and Neveu-Shwarz two-forms on T 2. It has been ontemplated by Green and
Vanhove that equation (1) for s = 3/2 may ome as a onsequene of N = 2 D = 10
supersymmetry [2℄; this would then rule out ontributions from usp forms Esn , sine
the latter our only on the axis sn ∈ 1/2 + iR. In this note, we wish to prove that
this is atually the ase, namely that equation (2) with s = 3/2 follows from N = 2
D = 8 supersymmetry. Equation (1) for s = 3/2 then follows by deompatiation
of the two-torus, sine after taking proper aount of the Weyl resalings, f10(τ) =
limν→0 ν
−1/2f8(τ, ν, BN , BR).
Berkovits has given a onstrution of D = 8 R4 ouplings in a on-shell linearized
supereld formalism [12℄ : the (only) gravitational multiplet an be desribed by two
mutually onstrained superelds : a hiral supereld W with lowest omponent w
parametrizing the Sl(2,R)/U(1) fator of the moduli spae near the origin, and a linear
supereld Lijkl, with the ve lowest omponents lijkl parametrizing the Sl(3,R)/SO(3)
oset fator near the origin
‡1
. Chiral densities an be formed from eah of the two
multiplets :∫
d8x|θαj =θ¯α¯j =0
[
(D+)
8(D−)
8fV (W ) +
∫
dζ(D−)
8(D¯+)8fT (L˜, ζ)
]
+ c.c. (4)
where
L˜ = L++++ − 4ζL+++− + 6ζ2L++−− − 4ζ3L+−−− + ζ4L−−−− . (5)
Eah density is integrated on a dierent half of the superspae generated by the 32 odd
oordinates θαi , θ¯
α¯
i , and generates sixteen-fermion or eight-derivative 1/2-BPS saturated
interations. The rst term desribes among other terms the R4++ =
(
t8t8 − 14ǫ8ǫ8
)
R4
oupling, in terms of a holomorphi fontion fV (w), while the seond desribes
‡2
the
R4+− =
(
t8t8 +
1
4
ǫ8ǫ8
)
R4 oupling in terms of a funtion fT (ζ, l˜) holomorphi in the
rst variable :
SR4 =
∫
d8x
√
g
[
∂4wfV (w) R
4
++ +
∫
dζ ∂4
l˜
fT (ζ, l˜) R
4
+−
]
(6)
Invariane under supersymmetry of the seond term in equation (4) is guaranteed by
the onstraints
Dα(iLjklm) = D¯
α¯
(iLjklm) = 0 (7)
‡1
We follow the notations of Ref. [12℄ ; the indies i, j, · · · = ± transform as a doublet of the R-
symmetry SU(2)R, identied with the SO(3) group in the Sl(3,R)/SO(3) oset. Small letters denote
the lowest omponents of the orresponding superelds.
‡2
It also desribes the other terms investigated in Refs. [5, 6℄ whih are related to R4+− by super-
symmetry.
3
whih imply
(D+ − ζD−)L˜ = (D¯− − ζD¯+)L˜ = 0 . (8)
The salar elds lijkl an be reast as a symmetri traeless representation of SO(3),
real thanks to the onstraint (Lijkl)
∗ = Lijkl :

Re l++++ + l++−− Im l++++ 2Re l+++−
Im l++++ −Re l++++ + l++−− −2 Im l+++−
2Re l+++− −2 Im l+++− −2l++−−

 , (9)
whih is nothing but the symmetri determinant 1 Sl(3,R) matrix M parametrizing
the oset spae Sl(3,R)/SO(3) lose to the origin‡3 :
M =
λ2/3
T2


1 T1 −ReB
T1 |T |2 Re (T¯B)
−ReB Re (T¯B) T2
λ2
+ |B|2

 (10)
∼


1− Tˆ2 + 23 λˆ Tˆ1 −Re Bˆ
Tˆ1 1 + Tˆ2 +
2
3
λˆ Im Bˆ
−Re Bˆ Im Bˆ 1− 4
3
λˆ

 (11)
where T = BN + i V , λ = 1/(τ2V
1/2) is the T-duality invariant dilaton, B = −BR +
i Va‡4, and the hat denotes the variation away from the origin M = I. One therefore
identies
l++++ = iTˆ l+++− = −Bˆ/2 , l++−− = 2
3
λˆ . (12)
As noted by Berkovits, the perturbative ontribution to the R4 ouplings has to be
independent of the omplex RR zero-mode Bˆ (that is under the ontinuous Peei-
Quinn symmetries B → B + cste). This restrits the perturbative funtion fT to
fpert.T (ζ, l˜) = h
l˜5
ζ3
+
g(l˜)
ζ
, h ∈ R (13)
whih desribes the tree-level and one-loop ontributions respetively [12℄. Our aim
here is however to extend this argument to the non-perturbative level. In terms of the
variables (λ, T, B), the Laplaian (3) indeed takes the form
∆ = 4T 22 ∂T∂T¯ + 4λ
2T2∂B∂B¯ +
3
4λ
∂λ(λ
3∂λ) (14)
‡3
This is not a restrition, sine the moduli spae is an homogeneous spae anyway.
‡4
This parametrization an be obtained from the one in Ref. [3℄ by an automorphism (τ, ν, BR +
τBN )→ (T, λ2,−BR+ i Va). It has the advantage of putting the dependane on the RR zero-modes
in a single omplex eld.
4
and linearizes around M ∼ I to
∆lin =
3
4
∂2
λˆ
+ 4∂Tˆ∂ ¯ˆT + 4∂Bˆ∂ ¯ˆB . (15)
The R4+− oupling in Eq. (6) is therefore given by
f8 =
∫
dζ ∂4
iTˆ
fT
(
ζ, iTˆ + 2ζBˆ + 4ζ2λˆ− 2ζ3Bˆ − iζ4 ¯ˆT
)
(16)
whih is easily seen to be annihilated by the linearized Laplaian (15). This analysis
around M ∼ I an be arried out at any point in the Sl(3,R)/SO(3) oset, although
the funtion fT is only loally dened, and the linearized seond order dierential
operator arries over to the full Sl(3,R) invariant Laplae operator. This implies that
the exat R4+− threshold in type IIB string theory ompatied on T
2
is annihilated by
the Laplaian (3) or (14). Atually, this analysis does not take into aount the non-
loal ounterterms familiar for thresholds in the ritial dimension [14℄, and one should
allow for a non vanishing onstant value of the Laplaian. Indeed, the R4 threshold
onjetured in Ref. [3℄ is a quasi-zero-mode of the Laplaian :
∆Eˆ3/2 = 4π , (17)
and the seond member arises from the regularization of a logarithmi divergene in
the order-3/2 Eisenstein series. Under deompatiation of the two-torus, one ob-
tains an eigenvetor of the Sl(2,Z)\Sl(2,R)/U(1) Laplaian with eigenvalue 3/4, and
this unambiguously identies the D = 10 R4 threshold with the order-3/2 Sl(2,Z)
Eisenstein series. Should there be another Sl(3,Z) invariant quasi-zero-mode of the
Laplaian in D = 8, it would have to redue to this Sl(2,Z) Eisenstein series in all
Sl(2,R)/U(1) ⊂ Sl(3,Z)/SO(3) deompatiation limits, and this exludes suh an
eventuality. The onjetures of Refs. [1, 2, 3℄ are therefore proved. The N = 2 D = 8
supereld desription of the R4H4g−4 topologial terms is not well developped yet, but
it is likely that the present method ould be extended to prove that these ouplings
are indeed given by the Eg+ 1
2
Eisenstein series, as onjetured in Ref. [9℄. This leaves
open the hunt for usp forms in other string theory ouplings.
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